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Abstract 

In this mainly expository paper we present a detailed proof of 
several results contained in a paper by M. Bertelson and M. Gromov 
on Dynamical Morse Entropy. This is an introduction to the ideas 
presented in that work. 

Suppose M is compact oriented connected manifold of finite 
dimension. Assume that [0,1] is a surjective Morse function. 

For a given natural number n, consider the set M” and for x = 
(xo,xi, ...,Xn-i) € denote fn{x) = ^ YJjZl fo{xj). 

The Dynamical Morse Entropy describes for a fixed interval I C 
[0,1] the asymptotic growth of the number of critical points of fn in 
I, when n —> oo. 

The part related to the Betti number entropy does not requires 
the differentiable structure. 

One can describe generic properties of potentials defined in the 
XY model of Statistical Mechanics with this machinery. 


1 Introduction 

We follow the main guidelines and notation of [7]. 

A Morse function is a smooth function such all critical points are not 
degenerate (see [T6]h 

Suppose M is compact oriented C°° manifold of dimension q > 1. Assume 
that /o : M —)• [0,1] is a surjective Morse function and F is a free group with 
basis 7 i, ..., 7 „. We assume that /o has p critical points (p > 2). 

Suppose 12 C r is a hnite non-empty set. If a: G we denote G M, 
7 G 12, the corresponding coordinate. 
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Then, we define fn : —)■ [0,1] by the expression 




' ' 7eo 


where |r2| is the cardinality of hi. This function Jq is also a surjective Morse 
function. 


2 The X Y model 

As a particular case we can consider T = Z, the set and for x = {xj)j^z £ 
n > 0, /o : M ^ M, and 

- n—1 

fn{x) = -- 

j=0 

The question about the minus sign in front of the sum is not important 
but if we want that /o represents a kind of energy we will keep the — (at 
least in this section). 

In the model it is natural to consider that adjacent molecules in the lattice 
interact via a potential (energy) which is described by the smooth function 
of two variables /q. The mean energy up to position n is described by /„. 
The points x G M"' where the mean n-energy is lower or higher are of special 
importance. We are interested here, among other things, in the growth of 
the number of critical values, when n —)■ cxo. The critical points are called 
the stationary states (see m)- 

Denote by Cri„(/) the number of critical points of fn in a certain interval 
/“^(/). Roughly speaking the purpose of [7] is to provide for a fixed value 
c G [0,1] a topological lower bound for 

lim lim ^pere I = {c-6,c + 5), 

5^0 n—>-oo Tl 

in terms of a certain strictly positive concave function (a special kind of 
entropy). This is done by taking into account the homological behavior of 
the functions fn- 

The so called classical XY model consider the case where M = (see 
for instance [2], [6], [5], [10], [20], [13], [9] or [I9]). A function A : {SX 
M describes interaction between sites on the lattice Z where the spins are 
on S^. One is interested in equilibrium probabilities fi on which are 

invariant for the shift a : {SX {SX- ^ point x on {SX is denoted by 

X = (...,x_2,a;_i I xo,xi,X2 ,...). 
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In the case the potential A depend just on the hrst coordinate Xq G S^, 
that is A(x) = fo(xo), then the setting described above applies. 

In the case the potential A depend just on the two first coordinate xq, xi E 
S^, that is A(x) = fo(xo,xi), then, we claim that the setting described 
above in the introduction applies. This is the case when fo : x M. 

Indeed, in this case one can take M = x and consider that /o acts on 
M. In this case we can say that /o depends just in the first coordinate on 
= (5^ X S^)'^ and adapt the general formalism we describe here. 

Therefore, we will state all results for /o : M ^ M, that is, the case the 
potential on depends just on the hrst coordinate. 

In the case fi is ergodic /„ describes Birkhoff means which are fi almost 
everywhere constant. We are here interested more in the topological and not 
in the measure theoretical point of view. 

In the measure theoretical (or Statistical Mechanics) point of view, if one 
is interested in equilibrium states at positive temperature T = 1//3, then, is 
natural to consider expressions like J -Pfoi^j) (ixodxi...dx„_^ (or, when 

the set of spins is hnite: ^ and its normalization (see [T8] . 

m and 1121) which dehnes the partition function. 

By the other hand if one is interested in the zero temperature case (see 
for instance i), then, expressions like — fhe main focus. For 

instance, if /o has a unique point of minimum x~ E S^, then dehnes 

the ground state (maximizing probability). In the generic case the function 
/o has indeed a unique point of minimum. 

Given /q : M x M —)• M and n one can also consider periodic conditions. 
In this case we are interested in sums like 

fn{x) = —— (/o(a^o) + + ■■■ + fo{Xn-2) + fo{Xo)), 

or 

~{foiXo) + foixi) + ... + foiXn-2) + foixo))- 

In the case we want to get Gibbs states via the Thermodynamic Limit 
(see for instance im or [IS]), given a natural number n, we have to look 
for the probability fi on M"' (absolutely continuous with respect to Lebesgue 
probability) which maximizes 

J g- d fi{dxo, dxi,...,dx^_i), 


or, at zero temperature the periodic probability /r on which maximizes 



fo{xj) dfi{dxo, dxi, ...,4„_J. 
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In the last case when there is a unique point x~ of minimum for /o then 
for each n the solution /i is a delta Dirac on 

One can easily adapt the reasoning of [1] to show that for a generic /o we 
get that fn is a Morse function for all n. 

When fo is not generic several pathologies can occur (see for instance 

m, m and m)- 

Suppose the case when there is a unique point x of minimum for /q. For 
each j3 > 0 and n denote by ^n,i 3 the absolutely continuous with respect to 
Lebesgue probability which maximizes 

J g- pd jj{dxo, dxi,...,d^^_^). 

By the Laplace method (adapting Proposition 3 in [5] or Lemma 4 in [B]) 
we get that when —)■ oo and n —)■ cxd the probability converges to the 
Dirac delta on (x“)°°. Therefore, in the generic case this last probability is 
the ground state (zero temperature limit). 


3 The general model - the dynamical Morse 
entropy 

From now we forget the — sign in front of fo- For instance, fnix) = 

Given c G [0,1] and 5 > 0, take Nq{c, 5) the number of critical points of 
ffi in /q^[c — (5, c + 5]. Note that if fo has p critical points then has 
critical points. 

Consider the cylinder sets 


= {ai7i + ••• + an7n; 1^1 < L 1 < j < i = 1 , 2 ,.... 


Denote W(c, 5) = Nn.{c, 6). Then, of course, W(c, 5) for c fixed decrease 
with 6. 

For a hxed 0 < c < 1, we denote the entropy by 


e 


(c) 


<5—>-0 i^+oo 


The above limit exists is bounded by logp but in principle could take the 
value —CX3. We call e(c) the dynamical Morse entropy on the value c. 
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In the case F = Z as we mentioned before e(c) is described by 

. , , ., . logfnumber of critical points of /„ in f~^[c — h, c + ) , 

e(c) = lim (liminf -). 

(5^0 n—>+oo n 

Later we introduce a function b{c) (see Definition [TT] and also Definition 
H, which will be a topological invariant of /q. The function b{c) is dehned 
in terms of rank of linear operators and Cohomology groups. 

We will show later that 

1) 0 < b{c) < e(c), 0 < c < 1; 

2) 6(c) is continuous and concave; 

3) 6(c) is not constant equal to 0. 

Finally, in the case M = (the unitary circle) and /o has just two 
critical points, we show in section 7 that 

e(c) = 6(c) = —clogc — (1 — c) log(l — c). 

6(c) is sometimes called the Betti entropy of /q. 

Our dehnition of 6(c) is different from the one in [7] but we will show 
later (see section [8]) that is indeed the same. 

A key result in the understanding of the main reasoning of the paper 
is Lemma El which claims that for any Morse function /, given a, 6 G M, 
a < b, the number of critical points of / in f~^[a, 6] is bigger or equal to the 
dimension of the vector space 

H*{f-\oo,b)) 

/7*(/-i(-oo,a))’ 

where H* denotes the corresponding cohomology groups which will be defined 
in the following paragraphs (see also na for basic dehnitions and properties). 

denotes the usual cohomology. Note that H* will have another 
meaning (see definition [T]) . 


4 Cohomology 

Suppose X is a metrizable, compact, oriented topological manifold C°° man¬ 
ifold. We will consider the singular homology. Suppose U C W is an open 
set and a G H*{X,'R). The meaning of the statement supp a C 17 is: there 
exist an open set D C X, such that, X = U UV, and a\v = 0. 

Definition 1. H*x{U) = {a G H*{X,R) : supp a C U}, where U is an 
open subset of X. When X is fixed we denote Hx{U) = H*{U). 
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Remember (see for instance m) that when U G X is open we get the 
exact cohomology seqnence: 

... ^ H^{X,R) H’^{X-U,R) 

( 1 ) 

where H* denotes the snpport compact cohomology. 

Lemma 2. If U is an open set, then 

H*{U) = Im{ H*{X,M) ) = Ker{ H*{X,R) H*{X-U,M) ). 

Proof: The second equality follows from the fact that the above sequence 
is exact. 

We will prove that 


-)■ ... 


Im( H*{X,M) ) C H*{U) C Ker ( H*{X-U,^) ). 

Let a G Im( H*{U, M) —)■ H*{X, M) ). Then, a is represented by a cocycle 
a with compact support K gU. Therefore, a\{X — K) = 0. 

Dehning V = X — K we have that U U V = X and a |R = 0. Then, 
a G H*{U). 

Let be a G H*{U). Let R C X be an open set such that U UV = X and 

a|R = 0. 

Since X — U gV, we have a\{X — U) = 0. 

Then, a G Ker (if*(X,M) ^ih*(X-f/,M)). □ 

Lemma 3. If U is an open set then H*{U) is a graded ideal of the ring of 
cohomology of X. 

Proof: This follows at once from Lemma [H 

□ 

Now we consider a continuous function / : X —)• M. 


Definition 4. Given 5 > 0 and c G M we define 




c,(5 


Dim 


H*{f-\-oo,c + 6))) 
H*{f-^{-oo,c-S)) ^ 


Proposition 5. Suppose X and Y are metrizable compact, oriented topolog¬ 
ical manifolds, moreover take f : X ^ M., g : Y —)-M continuous functions. 
If we define f ® g ■. X x Y ^ R, by {f ® g){x,y) = f{x) + g{y), then, if 
c, c' G R, 6, 5' > 0, we get 


b'csif) K',5>{9) < &Uc',5+v(/®£/)- 


( 2 ) 
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Before the proof of this import proposition we need two more lemmas. 
As it is known (see [IS]) the cnp prodnct V dehnes an isomorphism 


/r : H*{X, M) (g) H*{Y, R) ^ H*{X x F, R). 

Lemma 6. If U <Z X and V <ZY are open sets, then 

® H*{Y, R) + H*{X, R) g if* (F)) = {U x Y) U {X x V)). 

Proof: By Lemma [2] we get 

H*xxy{ {UxY)U{XxV)) = Ker ( H*{XxY, R) ^ H*{{X-U) x (F-F), R). 
Then, 

HYr{(UxY}U{XxV}) = 

Kei{H’(X,R)<g)H’(Y,R) -» H’{X - U,R) » H'(Y - V,R)) ). 

From simple Linear Algebra argnments the claim follows from Lemma O 

□ 

Lemma 7. If U G X and V C Y are open sets then 

M Hi(u) 0 i/f (r)) = hYy(u X V). 

Proof: The V product defines a natural isomorphism 

i/*(X,X-f/,R)®i7*(F,F-F,R) ^ i7*(XxF, (Xx(F-F)U(X-F)xF,R) = 

H*{X X Y,{X xY)-{U X F,R)). 

By Lemma [2] and the exact relative cohomology sequence we get: 

H*x{U) = Im ( H*{X, X-U,R) H*{X, R)), 
i/;(F) = Im(if*(F,F-F,R) ^ H*{Y,R)), 

and 


H*xxYiU X F) = Im (iL*(X X F, (X x F) - (F x F, R)) ^ iL*(X x F, R)). 


From this the claims follows at once. 


□ 


Now we will present the proof of Proposition |5l 
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Take h = f (B g and denote 


A =f ^{—oo,c—6), B =g C =h ^(— cxd, (c+c') — ((5+5')) 

and 


kl+ = f-\-oo,c+5), 5+ = g-\-oo,c'+5'), = h-\-oo, {c+c')+{5+5')) 

Note that 

X CC^ C (A+ X F) U (X X 5+) 

A- X B- cC- C {A- xY)U{X X B-). 

Consider the commutative diagram 

H* {X,R)(^H*{Y) (using /x) H*{XxY,R) 

U U 

H*AA^) 0 ^ C {A^ xY)U{Xx B ^)) 

u u 

H*^{A+) 0 H;.{B-) + H*^{A-) 0 ^ {A- x Y) U {X x B~)) 

U U 

H*^{A-)®H*y{B-)^H*^,y{C-). 

From this follows the linear transformation 

, H>yyy{C*) 

H'y(A-) <S H-y(B-) Hlyy(C-Y 

By the other hand 

(HY(A*)'SH-y{B*) nf,-‘(i/A-xK(C-)) C 

( HY(A^) 0 H-y(B*) n fi-‘( ^^A■xK( (A- X K) U (A' X B-) )) = 

( H‘y(A+) 0 HY{B*) ) n ( H'yiA-) 0 H‘(Y,K.) + H'(X,R) 0 ffJ(B-)) = 

HY(A-)»H’y(B*) + HY(A+) » H’y(B-). 



The first equality above follows from Lemma El the second follows from 
Linear Algebra; namely, ii E 2 d Ei (Z E and E 2 G Ei G E, then 

(El (g) El) n (E2 ® E + E (g) E2) = E2 (g) El + El ® E2. 

From the above it follows that 


Ker/r C 
Therefore, 


H*^{A-) ® H^{B- 


K+c',5+S' = 




dim 


Xxvi^ J 

H*x{A+) H*{B+) 


dim 


E^(A-) 0 Hp{B+) + H*^{A+) 0 H^{B- 
H^{A+) iL^(E+) 




□ 


5 Critical points 

In what follows X is a compact, oriented C°° manifold and / : X —)■ M is a 
Morse fnnction. 

Lemma 8. Suppose X is a compact, oriented C°° manifold and U G X is 
an open set. If a E E'*(X, M), then, supp a gU, if and only if, there exists 
a closed C°^ differentiable form w such that supp w G U, and a is the de 
Rham cohomological class ofw. 

Proof: If there exists w E a, such that supp w G U, then 

a|(x-supp «)) = 0 and E U (X - snpp w) = X. 

If there exists an open set P C X such that E U P = X and a\v = 0, 
then, there exist a C°° form p on V such that dp = w\v where w E a. 

Let W be an open set snch that W G V and W UU = X. Take a 
function 93 : X —)■ [0,1] such that ip\-^ = 1 and (p\x-K = 0, where K is 
compact set such that W G K G V. Then, ipp has an extension to X and 
{w — d{pp)) E a. But, 

supp {w — d {p p)) G X — W gU. 

□ 
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Lemma 9. Given a, 6 G M, a < 6, then, the number of critical points of f in 
f~^[a,b] is bigger or equal that 


dim 


H*if-\oc,b)) 

H*{f-^{-oo,a))' 


Proof: 

Without lost of generality we can assume that a and b are regular values 
of / (decrease a and increase b a little bit). 

Given ci < C 2 < ... < Cm, the critical values of / in (a, b), take 


a = do < Cl < di < C2 < d2 < ■■■ < dm-i < Cm < dm = b. 


By proposition fTHl and Lemmathe number of critical points in / ^(q), 
i = 1 =, 2,..., m, is bigger or equal to 


dim 


H*{f-\oo,d.)) 

H*{f-^{-oo,di_i))' 


Finally consider the hltration 


H*{f-\oo,a) = H*{f-\-oo,do))c H*{f-\-oo,di)) C ... 


C H*{f-\-oo,dm-i) c H*{f-\-oo,dm))= H* {f-\-oo, b)). 

□ 

Now we denote b'^{c,5) = b[^^{fn) and b'-{c,6) = b'^.{c,6), 0 < c < 1, 
5 > 0 . 

Corollary 10. 6'(c, 5) < W(c, 5) for all i = 1,2, 3,... and 0<c<l, (5>0. 

Now we dehne the function b using Proposition [16] a) 

Definition 11. 

Kc) = lim limint 0 < c < 1, 

(5^0 i —>00 I Gj I 

We will show that in above dehnition we can change the lim inf by lim. 
Lemma 12. 

b{c) < e(c) < log( the number of critical points of fo). 
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Proof: The first inequality follows from corollary [101 From the dehnition 
is easy to see that e(c) is smaller than log of the number of critical points of 
/o. 

□ 

We denote -B(r) a family of hnite subsets of F and Bn(T), N G N, the 
family of sets E B{T) such that |f2| > N. 

Proposition 13. Suppose Q',Q" E -B(F) are disjoint not empty sets. Then, 

+ (1 - a)c2,5) > <5) b'^„{c2, S), 

I I 

where 0 < Ci, C 2 < 1, 5 > 0 and a = 

Proof: 

By dehnition 

fn'un" = tt/o' © (1 — 

By Proposition |5las(5 = a(5 + (l — a)S, then 

ci+(l—o) C2,<5ci,a(5(®/'n') ^(1—a) C2,(l—o) <5((^ ffl"') 

□ 

Lemma 14. Suppose the interval [a,b] does no contains critical values of f. 
Then, 


H*{f-\-oo,a))=H*{f-\-oo,b)). 


Proof: This follows from Lemma [2] and the fact that / ^[b, oo) is a 
deformation retract of f~^[a, oo ). 

□ 


Definition 15. Given c eW we define 

bc{f) = limb' if). 

5-)-0 ’ 

Proposition 16. For a fixed c we have 

a) b'^fif) decreases with 6 and b'^fif) = bfif) for all 6 small enough. 

b) bc{f) = 0 if c is not a critical value of f 

c) bc{f) is smaller than the number of critical points of f in f~^{c) 

d) Ec bcif) = Dzm H\X). 
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Proof: 

a) follows from the above definitions and Lemma [HI 

b) follows from Lemma [HI 

For the proof of c) consider the exact diagram 

H*{X, R) 

I r2 \ 

H\r"[c-5, oo)), r\c+5, oo), R) ^ H*[r\c-5, cx)), R) ^ H\r"[c+5, ex), R), 

where ri and r 2 are the restriction homomorphisms. 

By lemma [2] 

+5)) = Keir 2 and H*{f~^{—oo,c — 6))= Kerri. 

From this follows that 

^c, 5 (/) = Dim (ri(Ker(r 2 )) < Dim (5, ex)),/"^(c +5, ex)), R) 

because the above sequence is exact. 

In order to hnish the proof we apply Morse Theory (see [16]) with 6 small 
enough. 

For the proof of d) suppose ci < C 2 < ... < Cm are the critical values of of 
/. Now, consider 


do < Cl < di < C 2 < d 2 < ... < dm-l < Cm < dm- 
Now, from a) and Lemma M we have 

bcAf) = Dim ( ^ IJ , i = l,2,...,m. 

Finally, note that 

0 = H*{ f-\-oo, do)) C H*{ r\-oo, di)) C ... C 
H*{f-\-cx,,dm)) = H*{X). 


□ 


Lemma 17. Given 5 > 0, there exists an integer N such that: 6q(c, 5) > 1 
for all c e [0,1] and all hi G Bj\f{T). Therefore, b{c) > 0, for all 0 < c < 1. 

Before the proof of lemma [T7| we need two more lemmas. 
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Lemma 18. Suppose X is a compact oriented C°° manifold and / : X —)■ M 
is a Morse function. Then, for all 6 > 0 

b'aiAf) ^ 1 K2,sU') ^ 

where ai and 02 are respectively the maximum and minimum of f. 

Proof: If 6 is small enough, f~^{— 00,02 + <5) is the disjoint union of a 
hnite number of open discs and /“^(— 00, 02 — S) = 0. 

If n is the dimension of X, then, it follows from Lemma [2] that 

H'^iX, M) C H*{f-\-oo, 02 + 5)) ^ 0 

and 

H*{f~^{-oo,a2 -6)) = 0. 

Then, > 1, T 5 > 0 is small enough. Therefore, this claim is also 

true for any 5 > 0 by Proposition [16] a). 

In a similar way we have that for small 5 > 0 

H^{X, R) C H*{f-\-oo, ai + 6)) 

and 

H^{X, R) is not contained H*{f~^{—oo, oi — S)). 

From this the hnal claim is proved. 

□ 

Lemma 19. Consider Tl G BfT) where |f2| = m > 1, then, bQ{k/m, 5) > 1, 
for all S > 0 and k = 0,1, 2,..., m. 

Proof: If /c = 0, or m, the claim follows from Lemma ITS] with X = M^, 

f = h. 

Given 0, A:, m, 0 < fc < m, take G = G' U Q", where G', G" are disjoints 
and k = |f2'|. 

By Proposition [12] with Ci = 1 and C 2 = 0 we get 

b'nik/m, 6) > 5) b'^„{0, 6) > 1. 


Yet from last lemma. 


Now we will prove Lemma [T7J 
Proof: 

Take Y > |, G G B^fT), |G| = m > Y and k such that ^ < c < 


□ 
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By definition, 


K,sif^) ^ ^'k/m,S/2U^)i 

since c — 5 < k/m — 5/2 and c + 6 > k/m + 6/2. 

Therefore, 6 q(c, 5) > b'^{k/m, 5/2) > 1 by Lemma [191 


□ 


Proposition 20. 

0 < h{c) < e(c) < \og{numher of critical points of fo ), 0 < c < 1 . 
Proof: This follows from Lemma [12] and Lemma [T7[ 

□ 


Lemma 21. Given c G [0,1] and 5 > 0, consider a non-empty set 12 G -B(r) 
and 7 G T. Then, 

b'n{c,5) = b'^^^ic,5). 

In the case T = h we have that for any 12 = {1, 2,..., k} 

bni^S) = bb^^){c,5), 
where a is the shift acting on M^. 

Proof: For hxed 7 consider the transformation x G —)■ y G , 

snch that y^, = x^_^, which is a diffeomorphism which commntes / 0+7 with 
fn- 

The resnlt it follows from this fact. 

□ 

We will show now that indeed one can change lim inf by inf in Definition 
CH In order to do that we need the following proposition which describes a 
kind of snbadditivity. 

Proposition 22. Given an integer number N > 0 take h : Sjv(r) R, 
h > 0, which is invariant by T and such that 

h{Q'uQ") > h{Q') + h{Q"), 


if Q!, 12" G i?Ar(r), are disjoint. Then, there exists 


.lim 


> 0 , 


{finite or 00 ). 


From this follows: 
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Corollary 23. For c G [0,1] and 5 > 0, 

a) there exist the limit 


lim 

2—>-OD 


log&^(c, (5) 

lai 


6'(c,5). 


b) Q <h'{c, 5) < log( number of critical points of fo ), 

c) b{c) = lim^^o b'{c, 8) 

Proof: The claim a) follows from last proposition applied to h{VL) = 
log6Q(c, 5), by Lemma [T71 Proposition [T3l taking ci = C 2 = c and also by 
Lemma EH 

Item b) follows from lemma [13] and corollary flOl 
Item c) follows from item a) and the dehnition of 6(c). 

□ 

Before the proof of Proposition E2] we need two lemmas. 

Lemma 24. Given an integer positive number k, then for each i > {3 k +1) 
there exists flk,i £ B{T) such that: a) Qk,i C b) flk,i is a disjoint union 
of a finite number of translates of Qk c) limj^oo ^ = 1; d) lai-I^^Ml > 
{2k + 1)”, where n is the number of generators o/P. 

Proof: For the purpose of the proof we can assume that P = Z 0 Z 0 ... 0 Z 

n 

and take 71 , 72 , --iTn the canonical basis. 

Take m > 1 an integer such that 

k + m{2k + 1) <i < k = (m 0 1) (2 A: 0 1), 

and 

= U { flfc 0 (ji(2A: 0 1), ...,jn{2k 0 1)) I 

-m <3u..Jn < m, (ji,...,j„) ^ (0,...,0) }. 

It is easy to see that the sets Qk,i satisfy all the above claims. 

□ 

Lemma 25. Given real numbers Xj > 0 i = 1, 2, 3,..., suppose that for each 
k and each e > 0 there exist such that 

Xi >Xk{l-e) if i> Nk,e- 

Then, there exists limj^ooa^i (which is finite or 0cxDj. 
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Proof: Take L = lim Xj and a G M, a < L. Then, there exists 

Xk > Cl- Therefore, Xi > a, if i is very large. Then, liminfj^oo 3 ^* ^ ci. From 
this follows the claim. 

□ 


Now we will prove Proposition [22j 

Proof: Snppose k is snch that {2k + !)"■ > N. Take i > 3 /c + 1, then, 

I I > (2fc + 1)^ > N and - ^^,*1 > {2k + 1)" > N. 

Then, h{VLi) = h{flk,i U (fij - ) > h{^k,i)- 

Moreover, each translate of flk has cardinality {2k + !)"■. Therefore, 

h{nk,) > ^-^HQk). 

1^41 

From this follows that 

^ h{^lk,i) I I ^ I j I 
I I I k i I I I I k I I I 

and the claim is a consequence of Lemmas [23] and [251 

□ 

The next lemma will be used later 

Lemma 26. Under the hypothesis of Proposition [^ consider 

+ {2i + 1) yi) U f2j, i = 1, 2, 3,... 


Then, 


Un. m = lim 


*—>■00 I I i—>-oo I I 

Proof: If i > A^, then |f2j| > N. Therefore, 

h(fli) (2i + l)yi) + h(f2j) = 2h{Vti). 

From this follows 


h{n{) ^ h{n,) 






Therefore, 


lim inf ^ > lim inf 
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We assume that T = Z 0 Z 0 ••• 0 Z and 71 , 72 , .., 7 „ is the canonical 

n 

basis. 

Take k such that {2k + 1)” > N. For i > 5 k + 2, take m > 1 such that 
k + m {2k 0 1) < i < /c 0 (m 0 1) (2 /c 0 1). 

Consider 

= U { 0 (ji(2/c 0 1),..., j„(2/c 0 1)) Ijiis even,-m < ji < m - 1, 

-m <j2,-;jn <m, (ji,j2,-,Jn) ^ (0,...,0) }. 

Then, C hlj, and 11),^ is a hnite union of disjoints translates of 
Moreover limj^oo = 1, 

I nii \>2{2k+l)^ > N and | ^ - \ > 2 {2 k + 1)^ > N . 

From this follows that 


By the other hand, all translate of hi), has cardinality bigger than N. 
Therefore, 

fc(ny) > ^ h(nn 

Then, 

h(a) ^ ^ 1 \ni^\h{Qi) _ h{Qi) 

lai - lai - lai lai ‘ 

Now, for a hxed k, taking i ^ cxd in the above inequality we get 


lim 

2—)-C30 


h{ni) 

lai 


^ h{ni) 
- I^'.l 


From this follows that 


lim 

i^oo 


h(a) 

lai 


> lim sup 

k^oo 


h{ni ) 

l^'.l 


□ 
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6 Properties of 6(c) 

Lemma 27. There exists c G [0,1] such that 

b{c) > log( dimH*{M,'R )) > 0 


Proof: 

Note that dim ( H*{M)) > 2 because dim M > 1. Let q be the number 
of connected components of M. 

If |f2j| = ruj, take 0 = to < < ••• < imi = 1, a partition of [0,1] in rrii 

intervals of the same size. By Lemma [2] 

Denote Aij a supplement of H*{—oo, tj-i)) in H*{fQ^{—oo,tj)), 1 < 
j Then, 


rui 


^dimAj = dimiL*(/j^,^(-oo,tmi)) = dimiL*(M^% 
i=i 

Therefore, there exists a certain A^j. = Ai, such that, 

(dim H*{M, M))™* — q 


dimAj > 


rrii 


Denote Sj the middle point of and 6i = 

Then, by dehnition of b[{si, Si) = dim Ai. 

There exists a subsequence Si^ —>■ c G [0,1], when k ^ oo. 

Given 5 > 0, there exists a iC > 0 such that 6i^ < 5/2 and Isj^, — c| < <5/2, 
if fc > iC. 

This means c — 5 < Si^ — 5i^, and Si^, + 5i^, < c + 6. 

From this follows that b[^{c,5) > = dim Ai^. 

Finally, we get 


log(6'^(c,h)) ^ ^ (dimg*(M,R))"^^fe -g 


D 




m. 




m. 


^/c 


Now, taking limit in A: —)■ oo in the above expression we get 
b\c,5) > log(dim(Lf*(M,M)). 


□ 
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Lemma 28. The function b{c) is upper semicontinuous. 


Proof: Suppose Cfc, k G N is a sequence of points in [0,1] such that, 
Cfc —>■ c. 

Given e > 0, take 5 > 0, such that, b'{c,6) < b{c) + e. There exists a 
> 0 such that |c — c^l < 6/2, if k > N. Then, c — 6 < Ck — 6/2 and 
Ck + 6/2 < c + 6, ii k > N. 

Then, b^{c, 6) > b[{ck, 6/2), if k > N, for all i = 1, 2, 3,... 

From this follows that b'{c,6) > b'{ck,6/2). Therefore, 

6(c) + e > b'{c, 6) > b'{ck, 6/2) > b{ck), ii k > N. 


Therefore 


hmsup6(cfc) < 6(c) + e, 

fc—>-OD 


for any e > 0. From this it follows the claim. 


□ 


Lemma 29. The function b{c) is concave. 

Proof: Consider 0 < Ci < C 2 < 1 and 0 < t < 1, we will show that 

6 ( t Cl + (1 - t) C 2 ) > 1 6 (ci) + (1 - t) 6 (c 2 ). 

First we will show the claim for t = 1/2. Denote Dj = Dj + (2i + 1)71 
and D' = Dj U Dj. 

By Proposition ITdl and Lemma [2T] we get: 

^o'(l/ 2 ci + 1/2 C 2 , 6 ) > b'^.{ci, 6 )b'^,{c 2 , 6 ) = 6 '(ci, 6 ) 6 '(c 2 , 6 ), 
for all 6 > 0 . 

Now, applying Lemma [2S] to h{fl) = log6(^(l/2ci + l/2c2,6), we get 

6^(l/2Cl + 1/2C 2 ,6) ^ 1/26^(Cl, 6) + l/2 6^(c2,6). 

Now, taking 6 —)■ 0, we get 6(1/2 ci + 1/2 C 2 ) > l/26( ci) + 1/2 6( C 2 ). 
The inequality we have to prove is true for a dense set of values of t in 
[0,1]. Then, by Lemma [28] is true for all t G [0,1]. 

□ 

Corollary 30. The function 6(c) is continuous for c G [0,]. 

Proof: This follows from Lemmas [28] and [29] 

□ 

We collect all results we get above in the next theorem. 
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Theorem 31. a) 0 < b{c) < e(c) < log( number of critical points of /q), for 
all 0 < c < 1. 

b) b{c) is continuous on [0,1] 

c) b{c) is concave, that is, its graph is always above the cord 

d) b{c) is not constant equal zero. Moreover, there exists a point c where 
b{c) > log (dim H*{M, M)) > 0 


7 An example 

The next example shows that the item d) in the above theorem can not be 
improved. 

Take M = S'”, n > 1, and a Morse function /q : M —)■ [0,1] which is 
surjective with only two critical points. Suppose a;_ is the minimum and 
the maximum of /q. We will compute 6 (c) and e(c). 

Take G i?(r) with |r2| = m > 1. For each fl' C consider the canonical 
projection pqi : —)■ M^'. Now, take 

where [ ] represents fundamental class. Then, 

{/i^' : fl' C fl} 

is a R-homogeneous basis of H*{M^ ,'K). 

For 0 < d < 1 denote 

Ld = {x e : fn{x) <d} C . 

For X G we denote by x^ the corresponding coordinate, where 7 G F. 
Lemma 32. If0<d<l, where d is not rational, then 

{pi^' : \n'\ >m{l-d)} 


is a basis of H*{Ld). 

Proof: Take — L^. By Lemma [2] 

H*{Ld) = KeT{H*{M^,M.) H*{Kd,M.)) (natural restriction). 

The claim follows from 
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1 ) M) —)■ M) is zero if k > m {1 — d) n, and 

2 ) , M) —)■ M) is injective if k < m {1 — d) n. 

Now we prove (1) and (2). 

(1) Snppose Q' C Q is snch that G where k > m {1 — d) n. 

Then, |r2'| > m{l — d). Snppose 

Fqi = {x E = X- , if7 G 

Ifx G Fq', then fn{x) < ^ {m—\Q'\) < d. Then, FQ/fiKd = 0 . This means 
that: if X e Kd —)■ x^ ^ X- for some 7 G ff'. Then, Kd C — {z} ) 

where z.y = X- for all 7 G ff'. 

From this follows 

\Kd = Pn,{[M^']) \ Kd = 0 , because [M^' ] | ([M^' ] - ) = 0 . 

(2) Denote T = {x E : cardinality( {7 : x^ = x~^ }) > md}. The 
set T is closed. 

If a; G T, then fn{x) > F^rad = d. Then, T C Kd- 

We have to show that 

R) —)■ H^{T, R) is injective if k < m{l — d) n. 

As we had seen before R) = 0 if /c is not multiple of n. Then, we 

can assume that k = qn, if q = 0,1,2,.... The claim follows from the next 
lemma, taking s the integer part of m d, by the exact sequence of homology, 
given that U = Us{f^). 

Lemma 33. Suppose s = 0,1, 2, m. Suppose 

Us{kT) = {x E : card{ {7 : a;.y = x ^}) < s}, 
then, H^{Us{kl),M.) = 0, if k < {m — s) n. 

Proof: The claim is trivial for s = 0 or s = m {Uq{Q) is homeomorphic 
to (R'^)"^). 

The proof is by induction in m. The claim for m = 1 is trivial. Suppose 
is true for m — 1 > 1. Take 0 < s < m. Fix w E kl and take D' = D — {tc}. 

Consider (p : M^' —)■ and : M^' x (M — { a;’*' }) -E- M^, where for 

a given x we dehne (p(x) by a;^ = a;’*' if a; G , and 'ip{x,u) is defined by 
a;^ = M if a; G M^' and u E M, u ^ x^. 

Ip identihes Ugikl') x (M — {a;’*'} ) with an open set A contained in Us{kl). 
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Moreover, ip identifies Ug^iiVt') with the complement of this open set A 
in Usiyt). 

As M — {x’*'} is homeomorphic to M"' and by recurrence we get that 


H^iUsin') X (M-{x+}),M) = 0, 

ii k < [m — 1 — s)n + n = [m — s)n and, moreover, M)) = 0, if 

/c < ((m — 1) — (s — 1)) n = (m — s) n. 

The exact sequence of homology hnish the proof. 

□ 

Now we £x irrationals di, (i 2 , 0 < di < (i 2 < 1- Denote = m (1 — di), 
bm = rn{l - d 2 ), and, Cm = dim {H*{Ld^)/H*{Ld ^)). 

By Lemma [32] we get 

Cm = 5]] { ^ ^ : bm<j< am}- 

Assume m is much more bigger than (d 2 — di). 

Take an integer jm, such that bm < jm < am, 


m 


= sup { 


m 


■ bm ^ j ^ am} ■ 


Then, 



^ Cm ^ (®m bm T 1) 


m 


By Stirling formula: 

— log ^ ~ — log( 

m \ J / m 

— log( ('X _ 

m m 

Therefore, 


jyfrL+ 1/2 

jj+ 1/2 — j'j m—j+ 1/2 

n _ 'j 

m m 



when m ^ oo. 


Jm 1 /Jm\ Jm\ , 3m\ 

-log — - 1 -log 1 -, 

mm m m 
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As 1 — (i 2 < < 1 — (ii, then (changing a; by (1 — x)) we get 

1 / Tfl \ 

lim sup — log I . j < sup ( — X log(a;) — (1 — x) log(l - 

m-j-oo Tfl y Jm J di<x<d2 


and 


lim inf — log 

m—>-oo 777, 


From this follows 


logc^ ^ 

lim sup- < 

m—)-oo ^ 


and 

. logc^ 

lim ini- > 

m^oo Tfl 



> inf ( — a;log(a;) — (1 — x) log(l— 

d\<x<d 2 


sup ( — X log(a;) — (1 — x) log(l — x) 

d\<x<d 2 

inf { — X log(a;) — (1 — x) log(l — x )) 

di<x<d2 


Proposition 34. 

e(c) = b{c) = — c logc — (1 — c) log(l — c), 0 < c < 1. 


Proof: 

Given 0 < c < 1, there exists small 5 > 0 such that 


0<c — 5<c<c + (5<l and c — 6,c + 6 are not in Q 
From the above for di = c — 6 and d 2 = c + 6 we get 

inf { — X log(a;) — (1 — x) log(l — x)) < b'{c, 5) < 

di<x<d2 

sup ( — x log(a;) — (1 — x) log(l — x)). 

di<x<d 2 

Now, taking <5 —)■ 0, we get 

b{c) = ( - clog(c) - (1 - c) log(l - c)). 


For c = 0 or c = 1 the result follows from continuity. 
Now we will estimate e(c). 

The critical values of fn are 0,—,...,1. 

To the critical values ^ (j = 0,l,2,..,m) corresponds 

points. 


m 

j 


x)). 


^ critical 
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Therefore, given di,d 2 E M. di < d 2 , the number of critical points of 
fn in f^^{di,d 2 ) is 



m 

j 


di — <C (^2 } — 
m 


^ ^ ( 7 ) • “ ^2) < i < m (1 - rfi)}. 

The computation of e(c) is analogous to the one for b{c). This also follows 
from the last Theorem and the fact that H*{M) = number critical points of 
/o in the present case. 

□ 


8 About the definition of 6(c) 

We will show that the definition of b{c) presented here coincides with the one 

in [7]. 

First we need some preliminary results. 

Suppose X is a compact connected oriented C°° manifold. 

Lemma 35. Given an open set V in X consider a G H*{X,'R) such that 
a\y 7 ^ 0. Then, there exists (5 G H*{V) such that a A /3 7 ^ 0. 

Proof: Take w E a. As a|\/ 7 ^ 0, then there exists a cycle z on V such 
that f^w 0. 

Suppose w' is a closed form with compact support on V such that its 
cohomology class in is the Poincare dual of the homology class of 

z in H^{V, M). 

w' can be extended to a closed form on X (putting 0 where needed) and 
by Poincare duality: 

Ot^ w = / w Aw' = / w Aw'. 

J z Jv J X 

Therefore, w Aw' is, not exact on X. 

Denote fd G H*{X,'R) the cohomology class of w'. By Lemma [2] we have 
that fd E H*{V). As w Aw' is not exact we get that a A (d ^ 0. 

□ 

Notation: if S' C X, then 'H*(S') = n{H*{W) : hF C X is an open set 
and S C W}. 
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Lemma 36. Suppose U,V C X are open sets and X = U UV. Take K = 
U — V and a G H*{U). Then, a A P = 0 for all P G H*{V), if and only if, 
a G n*iK). 

Proof: Suppose a G 'H*(K) and take P G H*{V). By Lemma [S] there 
exists w & P such that supp w <ZV. 

Take W = X— supp w (which contains K). By dehnition we get that 
a G H*{W). Then, by Lemma[8], there exists w' E a such that supp w' C W . 
Therefore, w Aw' = t), and hnally it follows that a A P = t). 

Reciprocally, suppose that a A /3 = 0 for all /3 G H*{V). By Lemma 1531 
we have that a\V = 0. Take W A) K, then V UW = X. Therefore, by 
dehnition a G H*{yV). 

□ 

Lemma 37. Take K <Z X a compact submanifold with boundary such that 
K — 6K is an open subset of X. 

Then, 


n{K) = Ker ( H*{X, R) ^ H*{X - K, R)) restriction. 

Proof: Take W an open set by adding a necklace to K. Then, X — K 
can be retracted by deformation over X — W. 

Then, if a G H*{X,M), we get that a\x-K = 0 is equivalent to a\x-w = 

0 . 

Now, the claim follows from Lemma [2] and by the dehnition of 'H{K). □ 

Corollary 38. Under the same hypothesis of last lemma it also follows that 
n{K) = H*{ int (K)). 

Proof: This follows from the fact that H*{X— int (K) ,R) -A H*{X — 
K, R) is an isomorphism. 

□ 

Proposition 39. Suppose U, V are open sets such that X = U U V and 
moreover that U, V are submanifolds with boundary of X. 

Consider the linear transformation L such that 

L : H*{U) -E Hom{H*{V),H*{U nV)), 

where, a —)■ {h ^ a Ah). 

Then, the rank of L is dim { H*{U)/H*{M — V)). 
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Proof: By Lemma ISBl we get that Ker L = H*{X — V). Finally, by the 
last corollary H*{X -V) = H*{M -V). 

□ 

Consider now a Morse function / : X —)■ R and c G R, <5 > 0. 

Definition 40. bc^sif) 'is the rank of the linear transformation 
H*{f-\-^,c + 6)) ^ HomiH*{f-\c-6,^),H*{f-\c-6,c + 6))), 


where a ^ {h —)■ a A 6). 


Note that bc,s{f) decreases with 6. 


Lemma 41. If c — 6 and c + h are regular values of f, then 


bcAf) = b^if)- 


Proof: Just apply Proposition [39] to U = f ^(—oo,c + (5) and V = 
f-\c-6,oo). 

□ 

Note that bn{c,6) = &c,< 5 (/o), where G -B(r) and 7 ^ 0, and moreover 
that bi{c,6) = bn^{c,6)■ The next limit exists (see [7]). 


Definition 42. 


6(c, J) 


lim 

i^oo 


\og{bi{c,6)) 

lai 


The set S' C [0,1] of all critical values of all fn is countable. By Lemma 
im we get that b[{c,6) = bi{c,6) if c — 6 ^ S' and c + 6 ^ S'. Therefore, 
6'(c, 6) = b{c, 6) if c — 6 ^ S and c + 5 ^ S. 

Finally, 

lim 6'(c, J) = lim 6(c, J) 

5^0 <5—>-0 

because both limits exist. 

Therefore the function 6(c) we define coincides with the one presented in 

m- 
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